oeﬁ"itm"' A number lis said to be the limit of function

- [ (x, y)as (x, ( 1
" number & > 0, there exists a real hrodl il B

- {1urnber 8> 0 such that for all points (x, y) other
han (a. b]

|f (e, ) =1] <&for0< |*-a| <3and0< |y-b| <5

[Based on square neighbourhood of a point}

|f(x,y)—l| <gfor0< J(x._a)z +(y—b)2 <y

__ [Based on circular neighbourhood of a point]
i wewrite Lim f(x,y) =L1.

xa
y=b
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Eampled.| Let f: RZ —> R be defined as

B, (%00
f,y)={x"+y

0’ (x,y)=(0,0) B
[M.D.U. 2014, 11]

S

Show that . -
(x, ﬁ_‘_’”“o o;f (x, y) does not exist.
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Solution. If (x,y)

ADVAN% ‘
LV
by

(0, 0) along the liney = mx, but (x, y) » 0, 0) the
F n

xy _ x(mx)  m
f(x, J’)"-'Ty S Zimix® 1+m? |
(59 = —
' XY =73
. ,Ifl..nzlo f 1+m
along y = M¥
This limit is different for different values of m. Since the limit of the funetion g
15
L m (x’ doe
the manner of approach to (0, 0), therefore, (2,770, 0) f(x, y) does not exist,
’ X y) =2, %0, y%0
Example 5. Let f: R? - R be defined as f (x, y) = ¥ y=0.
Showthat Lim f (%, ) doesnot exist. (K.U. 2014, 10; MD; 5

(z,y) - (0,0)

Solution. Let (x, y) = (0, 0) along the path y = mx, where m is any real number

Now,

-—

Asx — 0, then y = 0 along the path y = mx.

. xX—=
Lim f(x,y) = Lim B
(x, y)>(0,0) (x,)> (0,00 x+ y

= Lim 2™ _ 4, (12
x20x+mx x-0l1+m

which is different for different values of m.

i ylfl»n(]n, o f(x, y) does not exist.

4.9. CONTINUITY OF A FUNCTION OF To v AHIABLES“"

Definition 1. A function f(x, y) is said to be continuous ap
exists and is equal to f (a, b).

Definition 2. A function f(x, y) is continuous qt o
find a real number 8 >0 such that

)
a point (a, b)‘f ﬁﬂ: f

i
tl”?"
point (a, b) if, given a®y ¢”"

If e, y)-Fla, b)| <&

for all (x, y) that satisfy |(x, y)-(a, b)] <8.

.Jtl-.)
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T T T SANIINGS U ,rw
UR7ZN T
ABLESY

imilal'ly we can define continui
’ ontinuity of' n function rel
Withree vari
' varinhlog,

jon )2 i i
X funct fly ) is said to be continuous nt o poi
apoint(a, b ey i
f0,0) 0f

Lim
(x, 3, 2) -+ (a, b, [y 2) exints and
nd in equal 1o £ (
v f “l h’ CJ-

wev
or small, there exists a real number 8, auch
er 6, auch that,

ifg.iven[;>0. ho
|f(x.,\',2)—f(ﬂ, b, C)I <¢ for |(x,y,2) - (a, b,c)| <é.

EBRA OF CONTINUOUS FUNCTIONS

0. ALG

are continuous functions of x and y on a set D and % is any consta
stant,

Iff(x!y) al‘ldg ('t! y)

then
i) flx, y+8 (x,y) 1S continuous on D

i) fEn-8®

fizy)-& @I
flx,y)1s continu

y)is continuous 01 D
il s continuous ont D
(i) k

fxy) .
___.—-—"-"-
(U) g (x’ y) 15 con

ous on D
- those points (o y,) whereg (x4, ¥o) = 0-

tinuous on D except fo

A JR,Achdeﬁnedby

that the function f:
/ 1 :
csin—, ¥*0

f(ﬂ"’ y) = '

example 6. | Prove

0o , Y= 0
[K.U. 2016, 05; C.D.L. U. 2013

is continuous at (0, 0).
be any given number

Solution. Let £ > 0
o1
Hoe  |f(,9) -0, 0] = x81n~~°)
o1
= |xsin —
= |x| sin—l—
Yy
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< |x|

|f(x,y)=£(0,0)] < |x-0]
Let |x-0|<¢ and |y-0| <e
|fx, ) -f(0,0)] <e

Hence, f(x,y)is continuous at (0, 0).

From (1), we have

Example 7.

1 ify20

fey) = {0 if y=0

is not continuous at (a, b) if b =0.
_ Solution. We have f(a, 0) =0 for all a.

Lim

= Lim f(x,y)
(x.y)—r(a,ﬂ)f(x’y} x—mf Y

y—=0

_&

H B'th

= Lim1
T x-oa
y=0

=1
fla,0)=0

Thus Lim f(x,y) # f(a,0)

(2, y)—>(a,0)

Hence, fis discontinuous at (a, 0) for all a.

Example 8.

J|Fy(:\c’"—y‘")_
flx,y = xZyy?’

0; otherwise

is continuous at (0, 0).

Solution. Let ¢ > 0be a given real number,

Here

I (e, 9) £ (0, 0)| = [P ¢

Prove that the function f: A > R, A c R? defined by

[\ Wheny 50,y =0, f(x,y)=]]

Show that the function f: R? > R defined by

(x, ) = (0, 0)

(K.U. 2015, 06: M.D.U. 2015, 13, 04
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g OF FUuiNW eI
W xz_yz
J = |xy| Ty
Since |x% ~y” |2|2% + 57|
2 _
< |yl xz-y ‘“
x -by
< x|yl
)""'f(oa 0)' =
|f (Y <E iflx—0|<JE and IJ'-0|<JE
= £(0,0)
i @y =r
(.yI)‘EI(]D,O)f |
0
f( y)is continuous at (0,
HenCe- ?
tion
:pl I that the func
‘ - - 2 (x,y):t(o,o)
w0 = =(0,0)
f g (6 MDU.2016' 15, 13, 04, 02]
[K.U.BOI?' 15, 06, A
0,0).
lﬂn‘sﬂt( y . -
w ti mLet£>0beag1venrealnum
Solut10 =.
[
W o=
N e R .
=rs
=r |cosﬂsin9| for g=rcos0,y=T
<r

£
<g if [x-0 <-‘7-2-':|J’

Xy
o

’ lx,%?ﬁo'nlf(x, y) =f([i, 0) and SOf(xs :
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5.2. RULES OF PARTIAL DIFFERENTIATION

L Ifuisafunction of x,y and we have to differentiate partially w.r.t. , theny;,
as constant. Similarly to differentiate u partially w.r.t. y, x is treated as cong

9. Ifz=u + v, where u, v are functions of x and y, then

_aizg;iia_u and 6z=6uiav.
ox Ox 0Ox dy 0Oy 0y

3. If z = uv, where u, v are functions of x and y, then
0z 9, ov ou
— = —@Wv)=u—+V—
0x Ox 0x 0x

and a—z=i(uv)=u@-+v—aﬁ,
dy Oy dy Oy
7

4, Ifz= 5’ where u, v are functions of x and y, then
| 0, o
oz _ 0 (u)_ ox o0x
ox odx\v) 02

and
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Example1. | Ifz- 1 a2
= ; find 22 6z
x? +y2 4 ox gndi—= éy"

Solution. =
ution. Here z = (y2 +y2)12 -2,
1
ﬁz_ R O S -3/2
o ——'2-f.t +y%) 2w=__ X
(I2 +y2)a"2
and 9z _ 1
gy TR gy v
(Iz +y2)3f2
Example 2. | If z = tan?, oz
y » find __""'d E—-Alao verify thqy 9z 9%z - 6'2
al‘ay - aya A
Solution. Here 2 = tap-! (ﬁ) )
¥y 174
fi _ 1 1 y
reae 2 . T2 3
1+(£ Y yi+x
p i
and aéi S L S
y 2, .2
]+(£J y yix I
y -2
Differentiating (1) partially w.r.t. ¥, we have .
8%z - (r2+y2)-l—y-2y N x"'—.yE
Oyox (22 + y2)? (x4 y%)? -H
Differentiating (2) partially w.r.t. x, we have
&z - _ (x2+y2J-I—x-(2x)_ € —y? |
ox0y (% +y%)? T4yt A
2 2
From (3) and (4), we have SLil = Gia .
dydx  Oxoy
u 6 u &*u 5’“

=0 Ghaoy dxdy “ayir

Ifu =log (x° +y°), then pmne that (1) 3 +

Solution, Here u = log (x2 +y9)

a" =——.--2Iﬁ

2z T A
- 7 2y= —2"'_,
ay Pty +y

tinting (1) partially w.r.t. x, we haye

‘“1('

(1)

A2)

(i) . azu (z +yz) 2- 2x (2x) _% 2:’
i ~(3)
Atiating (2) partially w.r.t. y, we have
jffere
P Pu _ (P+y).2-2y0y) 2y
0z - 22 S
2y (x% + y?) (=24 y2p2 10
sding (@and (4, we get
A
I ek ek
E,;’i * ay? (x2 +92)? (2 +y2)2
) Differentiating (1) partially w.r.t.y, we have
otu _ (P+yD.0-202y) 4y
dyox - (x2 +y2)2 - (x? +y1)2 .{5)
fferentiating (2) partially w.r.t. x, we have
o%u _ (x2+y%).0- -2y (2x) -dxy
oxdy (x% +y%)? x® +y%)? ~{6)
5‘2 62
From (5) and (6), ——— = ———.
dxdy dyox
2 2
Ifu=log = Y"  then find ;yax und Y and hence show that
My @ 2t (M.D.U. 2015]
dyoxr oxoy

Solution. Here u =log (x2+y%) -logx—logy

du 1 1

—_—= 2x——

ox x4y x

and ’ ou 1 2.2},_.1_
Oy xf+y y
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~ADVANCEpR

; D
0u _ofw) of 2= 1
dydx  oylox) aylx*+y' =

Uy,
n.,le“n
=21(-])(.r2+y"')‘1(2y)-0= W
Also o _ ofu) 2 _21_-1)
’ dxdy ox\dy) ox 2Z2+yt Y [U”"".?rg},
=2y(—])(.z"’+y7)'2-(2=)—0
. A
- (I2+y=)2
0%u %
Heace, dyox  0xdy
2
In almost all case we come ncross, if u is a continuous function of x and y, then Ou ____a"'l«_
oxdy dyar' |
22u 8w KU
= P LU. 201,
Ifu 27 + 3% prove that ooy dyox" 5]
Solution. Here u= 2% +y*
du a
oz "y T +ytlegy il
du
d — = -1 -
an 2y 2 log x + x¥* 2
o%u & (0u)_ 2 x1yylogy)
gL ===y
dydx oy\dx) Oy & y ey
— y-1 _1 1 1
=1.9-l+y. 2 . logx+xy~llogy+y°. —
Y
=w-1(1+ylogx)+y~1(1+xlogy) e
%u 8 (eu) @
Also, === (x -1
axoy  0x (6y 77 gz +m*7)

o 1 .
= yx logx+x-“(—;)+1.y"1+xy""lagy "
\ .

VY

wan,

=1 .
P logx+ D4y =114 xlogy

W otu O -4

yand (4) 20y 09z’

” Ifx= rcos 0 andy = r sin 6, prove that
6
gaﬂ"’" a%r 9°r [ a*r
2% 8y° axdy IM.D.U. 2016, 15, 10; K.U. 2014]
The given equations are
Salutiﬂn' x =rcos®
y =rsin 0
minat® o from the given equations, by squaring and adding these, we have
To eli g vy
r=(? +yH1?
il or 1 (2% + 2,-1/2 - o "
= "2 B L P L ..
ox 2 (x? +yz)1,2 - .
% = %(:c2 +y?)t2 -2y=%
and
ar .
a%r _ :—l:x—ag_:_ rox=
Again, P = -—
2 2
=5—{E—=L LD [ r2=2 4+
r r
a%r ]
s o2 1 A2)
LHS. = o P 2 2%y?
H.S. ox? By” s 3 15
2 2
N T N A -'l[x] i _Lar)
azoy o & ox\r 3 oz

LHS. = ?LH.S. Hence we get the desired result.

- -
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Cen [ SESUON Lt 1. S
- 4 2 2 2

Ifu = f(r) wherer = J_\-” +y%, prove that

Solution. Here r = x%+y

Now,

and

Similarly,

Adding (1) and (2), we have

2
B_u+ i 'f = f(r)+ —f’(r)
axt  ay* Ky
.gﬂﬂn
2, .2
o _x or_y Oy O s
ox r' oy r' ax* eyt m‘f-ﬁ‘mmﬁkﬁ]
du , _5£
== fir) 7
u L ' or . or
_1_2 = f'(r): —+— ) P
2w & ] -
===+ (r)
ax? T ax? f ( f {1
&u ’ -
? = ay [ (r)+( yJ f£1'er) o
8%u a_r; _B_r_ £ + ar # 51’ )
Prodre il PYCF lay
2 2 2 2
Y x . x ¥ i
= (r—a+;;Jf(rJ+[:2—+r—z]f (r)
[ a4y =r

)
r

. Ifu =log (=% + y° + 28 - 3xyz); show that

ou _ 3

du  odu
T xty+z

—t—t—
dox dy 9z

Solution. Here u=log (x? + y®+ 2" - 8xyz)

ou 1 1

ox x+y+z

=log(x +y +2)x? + y2 + 22 - yz — zx - x¥)

=log (x+y +2) +log (2 +y? + 22— yz —2x - xy)
v

(2x—z-3)

+
(x?+y* +2°% — yz — 22 — 2y)

Fraytz XY A —yrogzx_ gy
1 2y-z-x
[ e e
¥ P x+Y Yz —-zx—xy
Slﬂilnry ay
1 22-x—y

M ———t a3 7 2
o iytz XAy AT —yr-azx-axy

oz
d i | (2)and @ weEt
ddlﬂg 511 Ju _‘73_ 3
ox 6y 9z x+y+z

ifz==% cos [—;i] + tan [-i—) ; show that

9.
ampfz
“9 ! , Oz . %z gt 2%z
* a ay?

2 dxdy

¥y ¥y
Here z=7% cos [}-) +tan (;]

=0, =0).

- |

Y]

-(2)

~A3)

golution
Pt AN -y
% =1.cos [;] +x. [—sm (;) [?}]4— sec? [;)[-;]
= cos (—] +Zsin {1} - iz sec? (1) A1
x x x x
1
%z _ 4| —sin EAN i +sec? [l)(—)
and 3y x x
= —sin [!-] + 1 sec? [!-] A2)
x) x
oz oz Y NN AT P
5;+y5; = xcos[;]-t»ysm[—;] " sec [I]
(Y)Y cee2|
*ysm(x)+ et [ ]
or 0z oz y (3
r— —_ =
3x+yay xcos[x]
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Differentiating (3) partially w.r.t. x, we have

2 2
l.ii+xaz+y, i .—_.-I.CDS('—y'}**'x[-sin(-{)(:_{
ox  0x? dx Oy x x )| 42

or 0, P 0% (2] sZain[2]
dx  ox* " 0xdy u

Differentiating (3) partially w.r.t.y, We have

2
i +ff+ ?__z.z_-—sin(z)

Y
or *5yox oy 0y x
Multiplying (4) by x and (5) by y and adding, we get
: 8% 8%z 0z , 0%z
x.@.+x2-——az+xy Fy Y
3 dx’ dx 0y dyox y y

or

or

or

8%z &%z 9%z y oz 0z
.1:2——2+2:cy +y2— =xcos| = |- xé—;+y

ox dx dy dy? x oy
2, 2 2 o
z2 E + 2xy X ¥ yﬁ Eﬁ = x coS (-J—’J — X coS (-'Z) [Using 31
dx? 0x0dy dy? x x
) 8% 9%z
x? Ll 2xy z +y:— =0.

+
ox? 0x 0y oy?

Example 10.| Ifzis a function of x and y, given by the equation x7y’2*=¢, where¢! |

a

2

constant, show that atx =y =z, i [x log ex]
oxdy
, [K.U. 2015, 10, 05; M.D.U.2
Solution. Here ©¥y'zf =¢
c
2= x’y-‘"

Taking log on both sides, we have
zlogz =logc—xlogx-ylogy
Differentiating partially w.r.t. x, we have
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0z
W l_ﬁfk(lﬂﬂ:}ﬁ_‘-_ =~ [log x + 1]

o, Ox
oz _ 1+log x
ox 1+log z

ing (1) partially w.r.t. y, we have

tia
yffere?
U ) (-1 (1 +logn) L 22
0°z et z 0y
dyax (1+ log 2)*
3%z B l+logx 0z
ox6y  z(1+log 2)? oy
j oz 1+log y
sJso. 3y  1l+logz
: £ 9% in (2), we get
Pum-ngth;svalueo 3y :
82z __ (+logx)(1+logy)
0x 0y z(1+logz)?
8%z a 1
ox0y ¥=y=z ~ x[1+log x]
_ 1 _ 1
x [log e + log x] x log ex

= — [x log ex] L.

..A1)

...(2)

[Putting y =z = x]
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54, HOMOGENEOUS FUNCTIONS
Afunction f (x, y) is said to be @ homogeneous function of order n, if the degree of each of

Usterms in x and y is equal to n.

In the expression, ap" +ax" Ly + 0,62y o a"_lxy"'1+any",
"serve that every term is of degree n. Thus it is an homogeneous function of degree n. It

. 2 n
tilIlElLs(]he written as x" {aﬂ +all+a2(1) + e + an[%] }
x X
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5 EULER'S THEOREM ON HOMOGENEOUS FUNCTIONS

ou
: — +y—=nl
Ifube a homogeneous function of degree n In ¥ and y, then x = +y =
[M.D.U. 2014, 07, 04; K.U. 2004]

we can express

; : ; fore
ty Proof. Since u is a homogeneous function of degree n 1nx and y, there

G
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(@) ax®+2hxy + by?.

Solution. (j) Let , = xi’

xl5+y

4 +y1/4
1/6

oy (@54 15 % =34 _ (5104 +y”‘")%-x'“5 .
Ox (175 + y1/5)2
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GEl — = . -+ ADVANCER gy |

and

or

-

1,5)1 Ly (M4 +yu4)l_y—4!5

Il &
= 275 4yl /0)2
R
1, (x5 4y8)——xB (x4 +y4)+ -yt (x5 +y8)_" 5 <
o o gtV 4 37 =

N
ou 0w _ 175 . 17512 )
X ax+y ay (" +y7%) \

1 /
-l—(x”ﬁ 4 yV/) (211 wyh - = (214 4 y!!4) (2115 435,

- (x”5+y”5)2
1/4
Elﬁ(xlfs+ylrs)(xll4 +y)
= _(x1f5 +y115)2
s, U4 g
.@L_.{. EE = _1_,(}__11—175-:-—!& <l
X =3 y 3y 20 x!/° +y 20
Verification:
gl14 4 114
Here u= s +y1!5

1 y 1/4') :
ol 4[1+[—;] 11 1+(
7 Ik T
xll5[1+(l) 1+[Z)
o x

1/4
1+[—]
1/20 X
=X ———”5 =I”20f(l).
1+[1] =
X

- u 1s a homogeneous function in x and y of order =3

.. By Euler’s theorem, x iu— +y o

o EJ;=RU.
.tg'u;“Fy—aE = 1
ox "oy 20"

From (1) and (2), Euler’s theorem is verified.
(é2) Let u = ax? + 2hxy + by, which is a hom
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's theore“
ou ou
2 5; y -—ﬂy =2u
...(1)

.
M = %ax + 2hy

.‘?.’i =2hx+2by

oy
xg_:5+y§£ _ 2ax? + 2hxy + Zhxy + 2by*
ox oy
A2)

= 2(ax? + 2hxy + by?) = 2u.

orem is verified.

2 2 a
XY _ sh thatxz———-au+ au+26u=
show %2 j':yax.ay Y oy '

Solution. Here 1 = xiy - 4
Y x [1 + —x—J

- uis a homogeneous function of degree 1inx and y.
0 0 )

- By Euler’s theorem, X o=y y b nu, wheren = 1
0x 0y

il ou 3& f
ou, ok _ (1
ox oy ‘ )
Differentiating partiéﬂy w.r.t.x, weget
azu au 62u au
X—5+t o +Y =
ox  ox - 0xdy 0%
‘ b o%u o%u
. xX—5tY =0
f ox ox0y }
«(2)
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(6] : ~ADVANcEy
2,2 ou  Ou_
example3. | Ifu = gin=! Mhl+.lw._‘|‘1. show that Hmu. +Hm.@_ tan y
24y =nc.§._
s ) . 3 |
Solution. Here u = fn + 9y
i
sy sinu =~
2
=+ (2]
L =xf|=
d sinu = \gl x
x u+”ﬂ..

. sin u is a homogeneous function of degree 1in xand . Thus by Euler’s theorem, Wehay,

..u .
Hlmlﬂmmu :U+u.la.|.m§ u) =lsinu
dx ay

ou ou .
xcosu+r—+ycosi— =sinu

or dx ay

ou £ du sinu
H — —
or 5z ° dy cosu

=tan u

i ox oy
ou du

[Bampie] 1= tog =+, show that = 7+ =-~1
: = lo ——ty—=1.
p = 7Y 5y

2, .2
+
u=log * Y [Non-homogeneous function]

r+y

Solution,. Here

2
2|1+ o
e
= =x \ —
x T + Ny %
X
v :E.M_.m z is a homogeneous function of degree 1 in x and y. Thus by Euler’s theor¢™
9z 9z . U

X—t+ y—0= .
Az u_m.w 1.z \ |

of

2
20 21
ox?

x

a a
—(e“)+y —(e¥) =
HmH u\_wu__ﬂm“.lmu

xe' —+ye¥ — -
ax TG -

: m:._.. ou
u X — —
e, we ge 3z Hm%l—.

.N.u +y M.Nw. show that

g 0%u % 30%u
ax? oxdy 0 gt

y
X
8%z 8%z

+2xy
=1{1-1)-2,=0

FAP: i.ﬁNy. which is a homogeneous function o
Letz= V| % o

x—-Y

IM.D.U. 2015)

Letz; = x0 ﬁlw , which is a homogeneous function of degree linrandy

-(1)

fdegreeOinxandy.

d%z 8%z, g 072
2072 w28 g
x 3x? + 2xy x0y y 2yt n-1)z,
’ ! =0(0-1)z,=0 e
Adding (1) and (2), we get
2 mu mu _
HNM.WW_Q_ +2,) + 2xy 9xdy (24 +uuv+w_n.mﬂﬁu_+n..,q =0
m»: mnt 2 muE . g
P +y-—5 =0U. [z, 42,=ul
or x et +whu,mumu~ h oy 4
P
E Ifu=tan™ — , prove that
xi-y
. - , . - .U, 2010]
o ammiw.‘luuaa 2u-—— - [K.U. 2014;M.D.U.
(i) »2 %u *u 8%u . 2 KU 2011, 06, 051
W= m.lm|+m.au‘ +9.u|.|u‘uw..anuﬁ..uu_a u) i
N ax oy oy
ion 3 3
mo—:-‘uh-u- Amu H-Hﬂu..m u= Elm x + Q
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or

or

lLe.,

0
| x'é;(taﬂu)+y~;;(tanu) =

2tany
2 Ou ou
xsec® y.— 4 2,24 _
% ysec“uy % 2.tan y
ou ou 2tany
x——-+y——--..—. 3
ox 0y sec’y
X —+ Ou =8in 2u
Ox yay -

(i7) Differentiating (1) partially w.r.t. x, we get

u du %

2 = 2cos 2u-a£-
Ox ox 6xay ox

2 0%u Ou 0%u =(o Ou |
P pw xyaxay —[ xé—x—JCOSZu -

Differentiating (1) partially w.r.t. y, we get

%u 2 2
x 22 +—E+_y———‘3 l; = 2(:(»1;2:1.2!i
Oxdy oy oy oy

Multiplying by y, we have

Su +_yau +y2 6%u =2 % cos 2u f
v dxdy ~ dy dy* g

Adding (2) and (3), we have

2 2 2 o ou
Jrou u+2xy ou +y26 l;+(x%+yg£)= Z(x—u+y';]'°°32u |

dx® O0x0y oy

Using (1), we get
2 2 2
2 0“u 0“u 2 O°u
+ 2u=2.
x P +2xyaxay+y 252 sin 2u
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SIATION \ '
o%u ) 0%u + 32 o%u )
’ oS 2xy 9%0y y 257 =2 8in 2u cos 2u — gip 2u

ox 2

‘_, =s8in 2u [2 cos 25 1]
=8in 2u [2 (1 - 2 gin2 u)—1]
=8in 2u (2 -4 gjnz,, _ 1]
, 0% o%u 2 9%u

—+2 + = ai
x P xyaxay y 6y2 = 81n 2u [1"'4Bin2u],

Scanned with CamScanner



!.1[.!'.

gbznnda ,

Definition.If u = f(x, y) is differentiable, then the differential or total gjgy = e.?i
defined by mna.uz&&.

Y%
du = mh dx + L dy
ox ay
where dx and dy are independent variables. 4
; 9 ge+2 g

Equation (8) can be written as du = o + m ly | u.

Thus we see that the differential du is a function of four independent Variahlg,
(x,y) and dx, dy, where (x, y) are the co-ordinate of the uor._:w at which the partjq| Qm_.mf.%mam_..
to be calculated and dx and dy are differentials of the independent variableg, fwe .Me:a
differentials with actual increments, then i e

dx = &, dy = &y
.._“m_
du ou
=—8x+—56
From (8) and (9), weget  du > + % ¥ b

Substituting (10) in (7), we get

du=0f=du+ede+edy

It may be observed that the total differential of u = f(x, ¥} i.e., du is the sum of the twg

5
tnh.mh_&m.mwm:mm_m 94 v and 2 dy.
mk m.z

=)

Similarly ifu = f(x, , 2), then du = = dx + L. dy + ch dz and so on.
ox dy oz

It is assumed that the variables in the function « = f (x, y) are independent, so that their
respective increments are constants in their own right i.e., dx and dy are constant.

Bl
5.9. SUCCESSIVE TOTAL DIFFERENTIALS

Let u =flx, y) be a function of two independent variables x and y having partial derivatives
continuous in its domain A c R% Then the first total differential of  is

Q—h" [&.TII&U- ...—.:_

ATION

(2)ee5)o N

%
. | dxand dy are constany)
9 mnﬂ mu 2
'u ., dy|de+|-2% Ou
- Tmm% dyax Gxoy 3,74y | dy
2 2
: 2 o“u d°u
- Dy vy dudy =5 Ay T:Ea:..srmw- QJ
Oxdy
syten in symbolic form as .

2
0
o 9 +1|&Q u
e %:uﬁmh% &y

<imilarly, we can calculate the total differentials of higher order andin general
ing _

F o, Y\
=|—dx+—d .
d"u Tu +&. L u
|
_._.m_uczn._._ozm

510 n%_am\m‘

function of the variables x, y and these variables x, y are themselves functions of
—.h. afurn

Ifuisa Jet, then uis said tobea composite function of the variable t. In other words,
%sm_aﬁ”ﬂv..n\mu yx=0@),y= w(t) define u as a composite function of £,
iperelation 1 =/ 55 7%

slso the relations & = fle,y);x=4(r,8),y=V (r, 5) define u as a composite function of
s0

rand .

510.1. Theorem. _ .
i i fined by the relations u = iz, ¥5i

If u is a composite function of ¢ de ;
x u_..znr y =y(#) such that u possesses continuous first order partial derivatives

w.r.t.x and y; and x, y possesses continuous derivatives w.r.t. ', then
du ou dc  Ou dy

ot ——,

dt & dt & di
D

Proof. Here u = f(x, y); x = §(t), y = w(t) u.wnﬂ_zgmn.&wa_?

Giving increment ¢ to ¢, let the corresponding incrementsin %
"espectively,
U+du= f(x+8y,y+d)

Bu= flx+&ey+oy) -y
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y) such thatx=¢ (r,8) and y = y(r, g).

hange expressions involving y, x Ly ou du ete.to .
x’ gy -t expressions involving

au 0 etc.
“rle ar aﬁ'

is regarded as a constant, then x, y, u will be functions of “alone.
Ifs!

ou 2 f_li 23‘..,. ou Oy
ar  ox or oy or (1)

he ordinary derivatives have been replaced by partial derivative as y X,y

Here
functions ofrands.
gimilarly if 7 is constant, then
ou O ox ou dy
os ox ds dy os «(2)
On solving (1) and (2) as simultaneous equations in —gﬁ and g‘i, we get their values in
x
ou Ou
c,=,urs.
s of or’ s

l bample 1. | Find the total derivative of u with respect to t, when u = e* sin y, where

1=logt, y = t%. Also verify by direct calculations. [M.D.U. 2011]
Solution, Here u=esiny (1)
x=logt .(2)

y=t*

fu Now, uisa function of x, y and x, y are themselves function of ¢. Therefore, u is a composite
ttion of £ ’ ’ .

du ©ou dx ou dy
_—_ = ——+
dt ox dt Oy dt

=¢*siny. %+e‘ cos y-2¢

=t-sinf2 Z+t-cost”

= sin 2 + 2¢2 cos 2

WU
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By direct method :
u =e* siny = 8" gin ¢? = ¢ gin {2

Differentiating w.r.t.1, ff;—: = sin {2 + 22 cos 2

Hence the verification.

v av ov

By ez 0 Ik, 2%]
Solution. Letr=y-z, s=z-x, t=x-Y sothat V=1(r,s,¢),
wherer, s, t are functions of x, y, z.
2.V is a composite function of x, y, 2.
av v ar+g\ilﬁ+ﬂ_ai
Px or ox Os dx Ot Ox n
Butr=y-z,s=z-x,t=x-y
—aL =0, -ai=—1,£=1
ox dx ox
Putting these values in (1), we get
ov av av
—_— ———
ox s ot ]
- av __av av
Similarly, a_y =" + ar ol
and v __av v
9z or &s -
Adding (2), (3) and (4), we get
eV av av
—+—+—=0.
dx 0Oy dz
Ifz=f(x,y) andx =" + e, y = ¢ - &'; prove that
UL [K.U. 2001
du dv ax ay i

Solutiu_n. Here z is a function of x, y and x, y are themselves the functions of 4"
Therefore z is a composite function of u and v

a_z =2i_2’5+32 dy 0
. 3x du By ou
a_z

=0z 0x -0z oy

oy N W
ov 9x v 2y v

e

9% _ _eg v, =— =—e" and -a_'!..
U

= =—pv

o ATION
'ﬂ"a fw oy

ﬁ ,e!l' au
ﬂuw. U alues in (1) and (2), we have
eseV
u“""g*u o R +a—z(—e“‘)
g ou ox oy (3)
oz oz oy 0Z
22 (e ) —(-¢"
v 0z ay( ) 4
we get
cting (4) from (3), we g o .
Sﬂblfﬂ g_z‘_g_i =(e"+e"")— —(e¥—e")—
ou v ox dy
_a__z_ s a.z_ =X -a—z- -y Ei,
ou v ox By
t
o P y=uvandzisa function of x and y, show that
”h 4. .
D(ﬂ'"p ’ 9z 0z oz 0z
9% yv— =% 2y —.
u u v ox ay
. i f x, y and x, y are themselves the functions of u, v.
golution- Here z is a function ob %,y y

posite function ofu,v

o: 0z ix B2y
Pu 0x du Oy ou

Therefore 2 is a com

oz _ 0z 02 820y

wl 20 _ ox ov 8y o
‘_3i =1 Ei-;]’ ?l:u, B_y=u,
Now, du " v ou dv
Putting these values in (1) and (2), we have
2z oz B2,
ou dx dy
d .a—z = Ez_ (1') + _a_i -u
) ov ox ay
Multiplying (3) by 1 and (4) by v and adding, weget
0z
oz bz _ oz +(Quv) —
UE-HJEE _(|.|+v)a:lc ay
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||.I|r!<mm.1|I Jssaﬁ..a.. o
2 o4 lues from egns. (3), (4), (5) . 2 > -
.3 g the va (8) and (6) iy _.
Example 5. | If z = 2u? - p? 4 3, where u =x€% ¥ =¥ 10 = H.maamm.. ) gu 02 - xe")+ (- 20) vy, o, 1 (2, we gey G
dx Bng Uy lml.-.ﬂ - ' - + 6w
N
Oyt x
. ; ¥ ,vand w,weh
Solution. Here 2 = 2u?-v?+ 307 i.e.,z i8 a function own.cgasrﬁb.n ting the values cm: N
¥ ) ﬁ put mw = dxe” (xe")— Zyet () 4 g ¥ 1
and Rﬂh&u.tnu\mnn.guk. X x
oz _ , 4 2 _ o ¥
o oz ou 02 00, 0% 2% gy e TReR S
m.l.m.n..Mm_.. M..n..+m_c_.mh. ow dx
{2 e m
= fan — [ X=U+V, Y=u-v;sh zZ oz -
5z 92 WM+WWMM+%MM|“~ n__anﬁm. If # ¥ 8 os~rn~mﬂ+|m|u|nwml+|”ﬂ.
— w :
and dy ©ou dy ©dv 0¥ - X o Em_.mNmmm?:nn.o:owu.u,m:aa.eE.mﬂrmsuo_éu?b&auma?u.zs_.m_.o
. U Te
Now z = 2u?-v? + Bw? solt osite function of u, U -
. dz Nmmnoaﬁ 8z dz dx 0z Oy
02 _ 4u; 220 and So=6w u " x ou oy ou e
a 7u M ow 4 . ou y
dz O0x @z &y
, = xe¥ . 02 _ &= = ot ==
Again, “ n_ 20 = 0x 8v oy du @)
. ex =¢’ and mmuhm‘ ¥ dx dx oy dy
! dx dy uff +v, y=u-v = — =1, —=1,—=1,—=-1
Now,x =¥ T du ov du dv
Also, v =ye?*
x
dv ¢-* and .MWumuu Since z = tan~! ﬁlw
. x =7 ay < -V
0z 1 W1y Yy u-uv
Alsg, w HHN oz = . ﬁkun \y B .u__n+hu (u-0v)?+@+v)?
+ —
y
w _ Y sind dw 1 " ‘
‘ dr 22 m.e_l.a. " = =|cw
. 2 (u? +v%) B
Substituting the values from eqns. (3), (4), (5) and (6) in eqn. (1), we get =
P oz 1 - —x |AE+CH
z —_— = —_—| = b 2
m Huk.mw.valm_c.:l-%mld.vms Nl. hmw and oy = . F] ﬁuxu Hm+.ﬂu AEIEM +(u+v)
b e
Putting the values of u, v and w, we have y w4 0)
—(u+
oz | =T +vd)
— =4(xe) e -2 e (- ye* Y Ih \
% I ye*)+ 6 5 Putti
x| x utting the above values in (1) and (2), we have
6z 2 oz u-v 1 ||.|:|+INII.H = IIHm.m._Pﬂ -9
ox u.uh%:m.umm-unlmklu. u T2+ 2Wrerd) B
x ;.
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d 0z T, , "w+v -1 =——-—23-~__
& ;{J . 2t +v?) ' 2 (u?* + v?) 2(u? 4 v?)
Adding (3) and (4), we get
0z 0z - 2v 2u
—_— — = 7 + 2 +vg)
ou Tov 2wr+vh) 2
2u-20 u-=v
- — . .2 g ¢
9 u?+v?) wttv

y=rsin 0; show that

Example 7. | Ifw = f(x, y), ¥ =r cos 0,

\aw” __I_ﬁl_{ f) (af]z'
e "‘rz a0 ox oy [KU,%

or
are themselves functions of
r, 8, Th%

Solution. Here w is a function ofx,y and x,y

wis a comp051te function of r, ©
ow _ ow 6x ow 8y _ of ox 6f oy

o  ox “or ay or  ox or 6y or J
_ 0w 0x ow oy _of 6x+6f dy

aw ow 0y _
and 20 " ox 80 0y 08 ox 00 dy 08 4
ox ox .
— =cos 0, — =-—rsin b,
Now, o cos 5
Q =sin0 and gl:rcose
or
Putting these valuesin (1) and (2) we have
0
= =§-{-cose+§£-sin9 . A
ow _ of , of
and — D e .
0 "3 (= rsin G)+ay (r cos )
1 ow af . af‘ "
or —_——_— eadd .--{
20 o smﬁ+ay cos 0

Squaring and adding (3) and (4), we get

2
ow 1 aw d 2 2

(@T+i 0w f of )’
4624

Scanned with CamScanner



